The inverse scattering of a class of differential-difference equations and multidimensional operators has been constructed. Solutions of nonlinear wave equations arising in fluid dynamics and plasma physics were found and analyzed. Novel and fast computational algorithms were developed and in relevant nonlinear problems wavelet bases with controlled localization properties in the timefrequency domain have proven to be an effective tool.
Research investigations in the study of inverse scattering and nonlinear waves continues with a number of significant results obtained. Solutions and propCrties of physically signilicant multidimensional nonlinear wave equations and associated inverse scattering problerns have been obtained and analyzed. Novel computational methods to solve nonlinear systems have been developed and in certain cases underlying numerical chaos has been identified and described analytically. An important new class of applicable multidimensional nonlinear equations whose solutions become unbounded in finite time has been analyzed.
Overview
The past year has been a very active period for our research program. A total of eight papers have been published, one book which summarizes the recent developments in the field has been printed by Cambridge University Press and eight preprints have either been accepted or have been submitted for publication. Our preprints are also issued as reports of the Program in Applied Mathematics at the University of Colorado before they are published. An overview and brief description of our research investigations is given below. Complete details may be found in our research papers. A list of recent reprints and preprints is compiled.
Research Activities Multidimensional Nonlinear Wave Equaitons and Inverse Scattering
Our investigations of physically interesting nonlinear wave equations continues. The deep connection between integrable nonlinear wave equations and inverse scattering allows us to analyze and solve nonlinear systems which otherwise would be intractable. One example of a particularly natural and significant system is the two space-one time extension of the well-known Toda lattice. Using inverse scatteirng methods we have been able to solve this system in a variety of cases. In the case where the linearized system is analogous to an elliptic ODE we can formulate and solve the relevant boundary value problem. In one case we have discovered a nonlinear analgoue of the Sommerfeld radiation condition (frequently required in linear problems) which must be imposed in order to obtain a unique solution. It is necesary to impose such a radiation condition in a much wider class of problems.
Reductions of certain physically interesting multidimensional systems has led us to study a class of nonlinear ODE's which have novel features. The prototypical sl uation is 01 alcLcrized by a system of three coupled ODE's first discovered by Halphen in 1881. We transform this system to a third order scalar equation studied by Chazy in 1910. We have shown that Chazy's classical solution can in fact be expressed in terms of autornorphic functions, and in particular well-known modular forms. We have also found generalizaitons of this system for which the solution can be expressed in terms of more general autommorphic functions. As such these ODE's provide an important new class of " special functions" arising in integrable systems which are sure to be heavily studied by researchers in this field.
Computational Algorithms Instabilities and Numerical Chaos
We continue our studies which have already led to a number of valuable discoveries. We have shown that different numerical discretizations of integrable nonlinear wave equations can lead to dramatically different results, even though the discretizations differ slightly. For example modifications of how one discretizes the nonlinear terms in the system can lead to joint spatial and temporal numerical chaos. Based upon extensive numerical experiments we have identified two excellent numerical schemes. One of them is a differential-difference equation suggested by inverse scattering analysis. The other is the well-known Fourier split step algorithm. The differential-difference algorithm is easy to implement, is effective and is considerably faster than Fourier algorithms. Nevertheless, even with the "best" schemes available we find that associated with a typical class of initial conditions, temporal chaos can be excited by roundoff errors. In fact the underlying solutions are linearly unstable in this regime of parameter space and this causes miniscule errors to grow rapidly. The errors eventually become as large as the main wave even though the schemes preserve the conserved quantities quite well. These ideas are being examined in the context of many other physically interesting nonlinear equations.
Focusing Singularities in Multidimensional Nonlinear Wave Equations
We have demonstrated that a certain class of multidimensional extensions of the wellknown Korteweg-deVries equations, often referred to as higher nonlinear KadomtsevPetviashvili (KP) equations, have solutions which will become infinite in finite time. This phenomenon is sometimes referred to as "wave collapse." We have examined the behavior of the generalized KP system both analytically and numerically, and have shown that above a certain threshold for the power of the relevant nonlinear term there can be a focusing singularity; e.g. this occurs for the so called modified KP equation which arises in plasma physics. This system is yet another well-known nonlinear wave equation which posses Ses blow up singularities. Other multidimensional nonlinear wave equations which have this property include the two dimensional nonlinear Schr6dinger equation and the Davey-Stewartson system. Each of these equations have been extensively studied by many researchers in a variety of fields of application including nonlinear optics, fluid dynamics, and plasma physics. 
Abstract
The study and development of the fast adaptive algorithms for solving nonlinear (.,pi1-tions using orthionorinal bases with controled localization in the tinme-frequency donaimn ( , wavelets) has been succesful in establishing an approach for the use of the wavelet Im.,,t,-in numerical computations. This approach is novel and involves the use of sparse expotmurtials for the evolution in time as well as two key algorithms for adaptive differentiat ion and multiplication in the wavelets bases. Several additional algorithms relevant to solving the nonlinear equations and capturing the singularilies (shocks) are at various stages of development. An overview and a brief description of the research effort is given below. The details may be found in the research reprints and preprints compiled for this report.
Research Activities
During this year the research and development of numerical algorithms for solving n1ow linear equations grew into a sizable effort. I work now with two graduate students. .laies IKeiser and Robert Cramer. With Robert Cramer we are working on the multidimensional algorithms for the fast evaluation of a class of integral operators on functions. Such algorithm will be useful in evaluating integral operators which appear in fluid dynamics (e.g. Biot-Savart law relating vorticity and velocity of the fluid). With James Keiser we are developing adaptive algorithms for the evolution of nonlinear equations. So far we have worked on equations in one spatial dimension in order to test our approach and evaluate its advantages/disadvantages in comparison with other methods. We pay special attention to ensure that the algorithms we are developing generalize to multiple dimensions in an effective manner. In addition to this effort, several algorithms were developed (jointly with M.E. Brewster) which use wavelet bases on the interval, thus allowing us to incorporate boundary conditions properly.
Numerical Solution of Nonlinear Equations in Wavelet Bases
On one hand, solving partial differential equations in wavelet bases has some features similar to those of pseudo-spectral methods, multigrid methods and adaptive grid methods. On the other hand, solving in wavelet bases has many new features that permit fast and accurate numerical algorithms. We have developed several algorithms which allow us to solve a class of nonlinear partial differential equations.
A fast adaptive algorithm for computing the pointwise product of functions represented in wavelet bases has been developed. The number of operations is proportional to the So far we used these algorithms to solve Burger's equation. We plan to apply this approach to several nonlinear equations in order to evaluate the performance of our iitlhod.
Fast Algorithms for Evaluation of Multidimensional Integral Operators
We are inlplenenting a fast algorithm for evaluation of a class of multidiniensional integral operators on funciions, where special care has been taken to assure small constants ill the complexity estimates. We expect. to compare the speed of dhe new algorithm with that (f the Fast Multipole Method.
Two-point Boundary Value Problems
A hybrid method for solving a two-point boundary value problem has been developed. The problem is formulated using ordinary finite difference approximation and then is solved in a wavelet basis. The main tool in this approach is the diagonal preconditioning available for the periodized differential operator in the wavelet bases. As a remtllt, the fundamental solution of the two-point boundary valuc problem for the elliptic differential operators has been computed in O(N) operations.
Availability of the fundamental solution as a sparse O(N) matrix allows us to take a different approach to the implicit schemes for solving evolution equations (e.g. Crank-Nicolson) by inverting the operator (matrix) and, thus, making them explicit. We are looking at several applications to take advantage of such a procedure.
Wavelet Bases on the Interval, Multiresolution Numerical Algorithms and Homogenization
We are starting to apply the wavelet bases on the interval as a means to solve the boundary value problems. We expect to construct high-order multiresolution methods for evolution in time. We are also looking into the extension of functions from the interval and splitting/patching of functions defined on an interval with possible signal processing (1) Landau type amplitude equations for the small-gap Taylor problem were derived and analyzed in [21 (see the list of publications in II) The equati,. obtained are global and are more complete than those determined by a formal two-timing analysis. Transition solutions (i.e., heteroclinic orbits) connecting the trivial Couette flow with bifurcating steady flows were obtained by solving singular evolution equations in infinite-dimensional spaces. The results obtained lead to the first analytic description of the difference between primary and secondary flows of a viscous fluid and provide a more detailed description of the transition solutions than that obtained by the use of formal two-timing methods or center manifold theory.
The work in (2)- (4) (5) The basic equations for Langmuir circulations in upper-ocean mixing problems when the Stokes drift has a cross-wind component were developed in [6) ; the set of partial differential equations are derived from a rational model that describes the development of mean currents and Langmuir circulations as a single system driven by a prescribed wind stress and a pre-czibed surface wave field. In physical situations where there is no crosswind component of the Stokes drift and one seeks only roU-like solutions independent of the wind direction, the equations in [61 reduce to those derived previously by other investigators. The equations in [6] are derived by the use of multiple time scales related to the interaction of surface waves, wind and currents. The results in [6] provide the only rational theoretical explanation to date of observed phenomena in Langmuir circulations such as cross-drift of Langmuir cells and the rapid breakdown of Langmuir cells under a change in wind direction.
ii (6) A mathematical analysis of the equations derived in [6] is developed in [71. The usual methods of Hopf bifurcation provide only partial results here and new perturbation methods related to those in (4) using singular operators were developed to treat Lalgmulir circulation problems. Such methods provide a more detailed description of the resultant periodic waves than those obtained by the use of formal two-timing methods or centetr manifold theory. Other problems for Langmuir circulations involving phenomena such al-> changes in the number of cells and patterns other than rolls also can be treated using the basic model equations derived in [6] . Such problems will be considered in a series of papers in preparation.
Publications and Papers in Preparation.
The following papers were completed and accepted for publication during the period of the Progress Report. Preprints and reprints have been forwarded to ONR.
